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Abstract – A practical way to implement the parti-
cle filter (PF) on a massively parallel computer is dis-
cussed. Although the PF is a useful tool for sequential
Bayesian estimation, the PF tends to be computation-
ally expensive in applying to high-dimensional problems
because a enormous number of particles is required in
order to appropriately approximate a PDF. One way
to overcome this problem is to use large computing re-
sources of a massively parallel computer. However, in
implementing the PF on such a massively parallel com-
puter, it is crucial to reduce the time cost for data
transfer between different processing elements (PEs).
In addition, in using a parallel computer with a multi-
dimensional torus network topology, it is necessary to
avoid data transfers between nodes distant from each
other. The present study proposes a strategy in which
the PEs in use are divided into small groups and the
grouping is changed at each time step. The resampling
is carried out within each group in parallel and data
transfers between distant nodes never occur. Therefore,
the time cost for data transfer would be greatly reduced
and the efficiency is remarkably improved in compari-
son with the normal PF.
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1 Introduction
The particle filter (PF) [4, 5, 6] is one of useful al-
gorithms for sequential Bayesian estimation. The PF
is based on an approximation of a probability density
function (PDF) by a large number of particles which is
samples drawn from the PDF. The relationship between
a predictive PDF and the filtered PDF at the previous
step is modeled by computing temporal evolution for
each particle, and an approximation of the posterior
PDF is obtained by resampling the particles. The PF
is applicable to general problems including non-linear
and non-Gaussian problems, and it is now widely used
in various fields including signal processing and target
tracking [3].

Recently, the application of the PF to high-
dimensional problems is of growing interest. For exam-
ple, the fusion between a numerical simulation model
with millions of variables and a large amount of me-
teorological measurement data is an important issue in
meteorology and the PF is considered one of potentially
effective method for that purpose [10]. However, the
PF tends to be computationally expensive in applying
to high-dimensional systems [9]. In the case with high-
dimensional systems, a enormous number of particles is
required in order to appropriately approximate a PDF
and computation for temporal evolution is required for
each of the enormous particles.

While we proposed a modification of the PF algo-
rithm to overcome the expensive computational cost
in our previous work [8], the present study employs a
more straightforward approach in which we use large
computing resources of a massively parallel computer.
As a matter of fact, the PF is basically suitable for
parallel computing because the computation for each
particle can be carried out independently. Recent dis-
tributed computing system allows us to run more than
thousands of processes in parallel and thus computa-
tion for more than thousands of particles can be done
at once.

However, if the PF with a large number of particles
is näıvely implemented on parallel computing systems,
many data transfers occur randomly between different
processing elements (PEs) in the resampling step. Such
‘inter-PE’ data transfers are difficult to effectively par-
allelize because of their randomness. In the case that
the PF is implemented on a distributed computing sys-
tem with a multi-dimensional torus network topology,
the randomness of the inter-PE data transfers is partic-
ularly unfavorable. For example, in a two-dimensional
torus network consisting of a large number of nodes
as illustrated in Figure 1, while a data transfer with a
neighbor four node is fast, a data transfer with a dis-
tant node requires multiple hops which would impede
the network communication speed and even interfere



Figure 1: two-dimensional torus network

with data transfers between other nodes.
Although there have been some studies addressing

the implementation of the PF on parallel computing
systems [1, 2], they did not necessarily consider a mas-
sively parallel computer. The present study revisits
the concept of grouping and re-grouping originally dis-
cussed by a past study by Bolić et al. [2] and extend it
so as to be suitable for a massively parallel computer.
The idea of this study is originally motivated by the fea-
sibility study for the Next-Generation Supercomputer
in Japan, which is currently under development. Since
the network topology of this supercomputer is planned
to be a virtually three-dimensional torus, our strategy is
designed to be suitable especially for a distributed com-
puter with a multi-dimensional torus network topology.
However, because of its high parallelity in computa-
tion, it would be much more effective than the normal
PF even on a distributed computer with another net-
work topology. Indeed, the experiments for evaluating
the performance of our strategy shown later are carried
out on a distributed computer with a flat-tree network
topology.

2 Particle filter
The PF approximates a PDF by an ensemble consisting
of a large number of particles which are discrete samples
drawn from the PDF. Suppose that a filtered distribu-
tion at time T = tk−1, p(xk−1|y1:k−1), is approximated
by particles {x(1)

k−1|k−1, x
(2)
k−1|k−1, · · · , x

(N)
k−1|k−1} as

p(xk−1|y1:k−1) ≈
1
N

N∑
i=1

δ
(
xk−1 − x

(i)
k−1|k−1

)
(1)

where δ is Dirac’s delta function, N is the number of
particles in the ensemble, and p(xk−1|y1:k−1) means
p(xk−1|y1, · · · , yk−1). We can then obtain an approxi-
mation of the predictive distribution of the state at the
next observation time T = tk as

p(xk|y1:k−1) ≈
1
N

N∑
i=1

δ
(
xk − x

(i)
k|k−1

)
(2)

where x
(i)
k|k−1 is given by a system model as

x
(i)
k|k−1 ∼ p(xk|x(i)

k−1|k−1) (3)

for each i.
From the predictive distribution p(xk|y1:k−1) and ob-

served data yk, we can approximate the filtered PDF
p(xk|y1:k) as:

p(xk|y1:k)

=
p(yk|xk) p(xk|y1:k−1)∫

p(yk|xk) p(xk|y1:k−1) dxk

≈
∑N

i=1 p
(
yk|x(i)

k|k−1

)
δ
(
xk − x

(i)
k|k−1

)
∑N

j=1 p
(
yk|x(j)

k|k−1

)
(4)

where p(yk|x(i)
k|k−1) is the likelihood of x

(i)
k|k−1 given the

data yk, which corresponds to fitness of a particle to the
observation yk. If we define a weight w

(i)
k as

w
(i)
k =

p(yk|x(i)
k|k−1)∑

j p(yk|x(j)
k|k−1)

, (5)

we can rewrite Eq. (4) as follows:

p(xk|y1:k) =
N∑

i=1

w
(i)
k δ

(
xk − x

(i)
k|k−1

)
. (6)

In a usual implementation of the PF, a new ensemble
{x(1)

k|k, · · · , x
(N)
k|k } is obtained by resampling the predic-

tive ensemble {x(1)
k|k−1, · · · , x

(N)
k|k−1} with replacement

such that each particle from the predictive ensemble
are drawn with probability proportional to the weight
w

(i)
k . While the new ensemble may contain multiple du-

plicates of some of particles in the predictive ensemble,
some of particles in the predictive ensemble are aban-
doned. The number of duplicates m

(i)
k satisfies

m
(i)
k ≈ Nw

(i)
k

(∑
m

(i)
k = N ; m

(i)
k ≥ 0

)
(7)

for each particle x
(i)
k|k−1 in the predictive ensemble. Us-

ing Eq. (7), Eq. (6) can be further approximated as

p(xk|y1:k) ≈
N∑

i=1

m
(i)
k

N
δ
(
xk − x

(i)
k|k−1

)

=
1
N

N∑
i=1

δ
(
xk − x

(i)
k|k

)
.

(8)



As it turned out, the newly generated filtered ensemble
{x(i)

k|k} approximates the filtered PDF p(xk|y1:k). The

procedure of obtaining {x(i)
k|k} from {x(i)

k|k−1} is the fil-
tering step. Eq. (8) has the same form as Eq. (1). We
can then repeat the procedure from Eq. (1) to Eq. (8) to
incorporate a sequence of observed data into the system
model over all the steps.

3 Grouping
The efficiency of parallel computing is often highly af-
fected by inter-PE data transfers. It is thus impor-
tant to reduce the occurrence of inter-PE data transfers
in parallel computing. The ensemble-based algorithms
such as the PF are basically suitable for parallel com-
puting because the temporal evolution for each particle
can be calculated separately in parallel. In the PF, data
transfers between different PEs occurs in resampling
the particles at the filtering step where some of parti-
cles with low likelihood are abandoned and replaced by
copies of particles with high likelihood. Whenever the
copy substituted for the abandoned particle is taken
from a different PE, the inter-PE data transfer is re-
quired for routing the copy. Such inter-PE data trans-
fers occur many times between randomly selected PEs.
The resampling procedure is difficult to parallelize due
to the randomness and it can spoil the computational
efficiency of parallel computing systems. In order to
avoid this problem, we consider restricting inter-PE
data transfers within a small PE group. The particles
is thus divided into subsets each of which is assigned
to each PE group and resampling is carried out within
each subset (i.e. within each PE group). Since the
resampling for different subsets can be performed in
parallel, the data transfers can also be done in paral-
lel for the resampling for different subsets. This would
remarkably improve the computational efficiency.

While the normal PF approximates a PDF by equally
weighted particles, we here assume that a filtered PDF
at time T = tk−1 is approximated by weighted particles
as follows:

p(xk−1|y1:k−1) ≈
1
N

N∑
i=1

ζ
(i)
k−1δ

(
xk−1 − x̃

(i)
k−1|k−1

)
.

(9)
From the ensemble {x̃(i)

k−1|k−1}, we obtain a new en-

semble {x̃(i)
k|k−1} where each particle of the ensemble is

generated by a system model as

x̃
(i)
k|k−1 ∼ p(xk|x̃(i)

k−1|k−1). (10)

This ensemble provides an approximation of the pre-
dictive PDF as

p(xk|y1:k−1) ≈
1
N

N∑
i=1

ζ
(i)
k−1δ

(
xk − x̃

(i)
k|k−1

)
. (11)

Using the same ensemble {x̃(i)
k−1|k−1}, an approxima-

tion of the filtered PDF at time T = tk−1 can be ob-
tained as

p(xk|y1:k)

≈
∑N

i=1 ζ
(i)
k−1p

(
yk|x̃(i)

k|k−1

)
δ
(
xk − x̃

(i)
k|k−1

)
∑N

i=1 ζ
(i)
k−1p(yk|x̃(i)

k|k−1)
.

(12)

If we define a new weight η
(i)
k to satisfy

η
(i)
k =

ζ
(i)
k−1p(yk|x̃(i)

k|k−1)∑N
i=1 ζ

(i)
k−1p(yk|x̃(i)

k|k−1)
(13)

we can rewrite Eq. (12) in the following form:

p(xk|y1:k) ≈ 1
N

N∑
i=1

η
(i)
k δ

(
xk − x̃

(i)
k|k−1

)
. (14)

We divide the PEs into groups where the number of
groups is denoted by Λ. The ensemble of N particles
is accordingly divided into Λ subsets, each of which
contains λ(= N/Λ) particles, and each subset is as-
signed to a different PE group. For example, a predic-
tive ensemble {x(i)

k|k−1}N
i=1 is divided into the subsets

{x([μ−1]λ+ν)
k|k−1 }λ

ν=1 (μ = 1, . . . , Λ), and the particles in
each of the subsets are assigned to the corresponding
PE according to the value of μ. We then define weights
for comparing particles within each group as ω

(μ,ν)
k and

those for comparing among different groups as Ω(μ)
k .

We constrain ω
(μ,ν)
k and Ω(μ)

k to satisfy the following
conditions:

Ω(μ)
k ω

(μ,ν)
k = w

([μ−1]λ+ν)
k , (15a)

λ∑
ν=1

ω
(μ,ν)
k = 1, (15b)

Λ∑
μ=1

Ω(μ)
k = 1. (15c)

Eq. (14) can thus be rewritten as

p(xk|y1:k) ≈
N∑

i=1

η
(i)
k δ

(
xk − x

(i)
k|k−1

)

=
Λ∑

μ=1

Ω(μ)
k

λ∑
ν=1

ω
(μ,ν)
k δ

(
xk − x

([μ−1]λ+ν)
k|k−1

)
.

(16)

If we resample with replacement within a sub-
set {x̃([μ−1]λ+ν)

k|k−1 }λ
ν=1 such that each particle from

the subset are drawn with probability proportional
to the weight ω

(μ,ν)
k , we can obtain a new sub-

set {x̃([μ−1]λ+ν)
k|k }λ

ν=1 which contains m
(μ,ν)
k copies of



x̃
([μ−1]λ+ν)
k|k−1 , where m

(μ,ν)
k is an integer satisfying

m
(μ,ν)
k ≈ λω

(μ,ν)
k , m

(μ,ν)
k ≥ 0, (17)

for all μ and ν and

λ∑
ν=1

m
(μ,ν)
k = λ (18)

for all μ as similar to Eq. (7). The new subset also pro-
vides an approximation of the filtered PDF p(xk|y1:k)
as

p(xk|y1:k) ≈
Λ∑

μ=1

Ω(μ)
k

λ∑
ν=1

m
(μ,ν)
k

λ
δ
(
xk − x

([μ−1]λ+ν)
k|k−1

)

=
Λ∑

μ=1

Ω(μ)
k

λ

λ∑
ν=1

δ
(
xk − x

([μ−1]λ+ν)
k|k

)
.

(19)

Since each of the new subsets is obtained using the same
algorithm as the PF, each new subset also offers an ap-
proximation of the filtered PDF. It should be noted that
the approximations by different subsets must have dif-
ferent sampling errors. The integration of all the sub-
sets under consideration with the weights Ω(μ)

k would
reduce these sampling errors, and reinforce the estima-
tion. Therefore, the whole ensemble consisting of all
the subsets would provides a much better approxima-
tion than each subset. Defining a weight ζ

(i)
k as

ζ
([μ−1]λ+ν)
k =

Ω(μ)
k

λ
, (20)

Eq. (19) can be rewritten as

p(xk|y1:k) ≈ 1
N

N∑
i=1

ζ
(i)
k δ

(
xk − x̃

(i)
k|k

)
. (21)

Since Eq. (21) has the same form as Eq. (9), we can
repeat the procedure from Eq. (9) to Eq. (21) to incor-
porate the measurement into the system model for all
the steps.

4 Switching of the grouping
In the above argument, the grouping of the PEs can
be determined arbitrarily. The grouping can even be
changed at each time step; that is, PEs which previ-
ously embraced different groups can be put together to
form a new group [2]. If the grouping is static and no
information is exchanged between different groups, the
procedure in each group is equivalent to the normal PF
with a small subset of the ensemble where the num-
ber of particles is λ. If the ensemble size is small, the
diversity of the ensemble would be rapidly lost after
repeated resampling. Thus, the diversity of each small

subset would be rapidly lost, which may spoil estimates
by the whole ensemble. On the other hand, if the group-
ing is changed at each time step, particles assigned to
each node are exchanged with various other nodes and
the diversity of the ensemble would be maintained.

There are many ways to group the PEs. In choosing
the ways of grouping, one important point is to con-
sider the network topology of the computing system.
In this study, we assume a two-dimensional torus net-
work topology. We then consider a strategy to use two
patterns of grouping which is suitable to the network
topology as illustrated in Figure 2. In this strategy,
the two grouping patterns are alternately switched. In
both of the grouping patterns (Figures 2(a) and 2(b)),
each group consists of four nodes forming a square. It
should be noted that a uppermost node is adjacent to
the lowermost node aligned along the same vertical line
and that a leftmost node is adjacent to the rightmost
node aligned along the same horizontal line in this two-
dimensional torus network. Hence two nodes within the
same group on one side in Figure 2 (b) is embraced in
the same group as two of the nodes on the other side.
Each of the four nodes in a group is adjacent to two of
the nodes in the same group and can reach the other
node at two hops; that is, data transfers within each
group takes two hops at most.

By dynamically switching between the two grouping
pattern in Figures (2) (a) and (2) (b), each node is
put together with three nodes each of which was em-
braces in a different group. Particles assigned to each
node are thus exchanged with various other nodes. If
we consider an 8 × 8 two-dimensional torus, the infor-
mation of a particle with high likelihood may propa-
gate to all the nodes only by resampling 4 time steps.
At each time step, inter-PE data transfers occur only
within each group, and the data transfers in each group
can be done in parallel. The time for data transfers
would thus be remarkably reduced in comparison with
the normal ‘global’ PF even on a distributed computer
with a flat-tree network topology. In the next section,
the efficiency and accuracy of the proposed strategy are
evaluated by experiments using a nonlinear model with
40 variables on a distributed computing system.

5 Experiments and discussion
In order to demonstrate the effectiveness of the pro-

posed strategy, we compared between the näıve global
PF and the proposed alternate switching strategy in
terms of both computational efficiency and accuracy.
The comparison was carried out by applying both meth-
ods to a simple state estimation problem with the
Lorenz 96 model [7]. The Lorenz 96 model is a one-
dimensional non-linear model described by the follow-
ing equations:

dxj

dt
= (xj+1 − xj−2)xj−1 − xj + F (22)



for j = 1, . . . , J . Here, x−1 = xJ−1, x0 = xJ , and
xJ+1 = x1. In this study, the dimension J was set to
be 40. The forcing term F was set to be 8. One time
step was set to be 0.005.

In order to generate data for the experiments, we ran
this model from the initial condition as

xj = 8.0 (for j �= 20) (23a)
xj = 8.008 (for j = 20). (23b)

In order to allow fluctuations in the system to develop
sufficiently, we iterated the model through 2000 time
steps and we define the time after the 2000 time step
as T = 0. The artificial data were generated every 10
time steps with errors having standard deviations of 1.5
over 10000 time steps from T = 0. It was assumed that
we can observe xj if j is an even number (j = 2, . . . , 40);
that is, half of the state variables were observed.

In the experiments of the state estimation using the
artificial data, the system noise was given by a Gaussian
distribution with zero mean and a diagonal covariance
as diag(0.25, . . . , 0.25). The population at the initial
time step (T = 0) was generated from a Gaussian dis-
tribution with mean 2.0 and variance 2.0 for each com-
ponent. The likelihood p(yk|xk|k−1) was calculated as
follows:

p(yk|xk|k−1) =
1√
2πσ

exp
[
−||yk − Hxk|k−1||2

2σ2

]

(24)
where yk is the observation vector (y1,k, . . . , y20,k) and
σ was set to be 3. The operator H extracts the observ-
able components from the state vector xk|k−1. Since
we assumed that we can observe xj for an even number
of j, Hxk|k−1 = (x2,k|k−1x4,k|k−1 . . . x40,k|k−1)T .

The experiments were conducted on a distributed
computing system of 360 nodes connected by Infini-
band. In each node, two quad-core Intel Xeon proces-
sors are installed; that is, 2880 cores are available in
total. We regarded each core as one PE and each PE
is assigned to one node of the two-dimensional torus
shown in Figure 1. We carried out the experiments us-
ing each of the global PF and the alternate switching
method for three cases with different numbers of nodes:
1) 4 × 4 nodes, 2) 8 × 8 nodes, and 3) 16 × 16 nodes.
For all the three cases, 4096 particles are assigned to
each PE (node); that is, 65536, 262144, and 1048576
particles are used in total for the case 1, 2, and 3, re-
spectively.

Tables 1 and 2 respectively shows the accuracy (RMS
deviation from the truth) and elapsed time for the three
cases with the global PF and the PF with alternate
switching strategy, respectively. As increasing the num-
ber of particles, the RMS deviation decreased for both
the methods. This means that the accuracy was highly
improved with a larger number of particles. Compar-
ing between the two methods, the accuracy obtained
by the two methods was comparable. However, elapsed

Table 1: Result using the global PF.

PEs Particles RMS dev. Elapsed time

4 × 4 65536 0.85 01m12s

8 × 8 262144 0.77 03m55s

16 × 16 1048576 0.73 17m18s

Table 2: Result using the alternate switching method.

PEs Particles RMS dev. Elapsed time

4 × 4 65536 0.84 00m40s

8 × 8 262144 0.77 00m54s

16 × 16 1048576 0.73 01m45s

time showed a remarkable advantage of the alternate
switching method especially in the case that the num-
ber of particles (PEs) is large. When the global PF was
employed using 16×16 nodes, the estimation for 10000
time steps took more than 17 minutes. On the other
hand, the proposed method completed the estimation
within 2 minutes and it achieved comparable accuracy
with the global PF.

The high computational speed of the proposed
method in comparison with the global PF would be
mostly due to the parallelization of inter-PE data trans-
fers. Although the proposed method is designed to be
suitable for a parallel computer with multi-dimensional
torus network, the experiments in this study were car-
ried out on a computer with a flat-tree network topol-
ogy. Under the flat-free network topology, inter-PE
data transfers of different PE groups would interfere
with each other and this would be the reason why the
elapsed time increased as the number of the nodes in-
creased even in the case with the proposed alternate
switching method. If a distributed computer with a
multi-dimensional torus network topology is adopted
and PE groups are defined like Figure 2, inter-PE data
transfers within a PE group do not interfere with those
of other PE groups. The elapsed time is thus theoreti-
cally independent from the number of the nodes. There-
fore we can expect that the proposed method would
be remarkably effective for high-dimensional sequential
Bayesian estimation.

6 Summary
The present study proposes a dynamic grouping

strategy which achieves high efficiency on a massively
parallel computing system. In the proposed strategy,
the resampling at each time step is performed within
each PE group. Data transfers are thus restricted
within the PE group. Since the resampling for differ-



ent PE groups can be done in parallel, the time cost
would be remarkably reduced. The grouping is not
static but the two grouping patterns are alternately
switched. This switching allows us to maintain the di-
versity of the ensemble because particles assigned to
each node are exchanged with various other nodes by
changing the grouping. The effectiveness of the pro-
posed strategy was experimentally examined and it has
been confirmed that this strategy is notably effective
especially for the cases with a large number of nodes in
which the normal global PF is prohibitive.
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